Abstract-This paper presents a mathematical model for ECG waveform using Rational Bezier curves and Bernstein polynomials. There are three mathematical models; the Bernstein polynomials model, the Bézier-Bernstein model and the Rational Bézier-Bernstein model. All mathematical models can generate the ECG waveform which is similar to the normal ECG waveform. Moreover, all mathematical models can simulate a normal ECG waveform as well. As the results, the Rational Bezier-Bernstein model is a simple form, easy to make a circuit and lower cost in the implementation of the ECG waveform.
INTRODUCTION
The electrocardiogram (ECG) is a electrical activity of the heart describes the cardiac cycle which is commonly used in medical and health care monitoring. The ECG is revealed via ECG machines which requires high accuracy and frequent calibration. Besides, the ECG simulation must be used for monitoring this machine. The ECG simulation requires more precision, similar to a normal ECG waveform and lowest complexity to implement ECG waveform. Many literatures have proposed the methods to generate the ECG simulation. The mathematical modeling of electrocardiograms by using numerical methods has been proposed in [1] . Reference [2] has presented a new ECG identification with Neural Network. S. Mitra [3] , Hilbert transform, variable threshold and slope reversal has been implemented to the ECG feature. A Novel Bézier curve [4] and Karnel function [5] have been proposed for designing the mathematical model of an ECG waveform. Therefore, the ECG simulation must be generated with high precision before using the ECG machine. This paper presents the mathematical model of electrocardiograms. There are three mathematical models; the Bernstein polynomials model, the Bézier-Bernstein model and the Rational Bézier-Bernstein model. All mathematical models can generate the ECG waveform which is similar to the normal ECG waveform. The rest of the paper is organized as follows. In section 2, we described the ECG waveform. The whole mathematical models are presented in section 3. Then, section 4 shows the results and discussion. Finally, the conclusion is given in section 5.
II. ECG WAVEFORM
The fact that nowadays failure of the heart has been analyzed by the electrocardiogram (ECG) waveform, especially cardiovascular disease diagnosis. Therefore, the ECG detection can diagnose the conditions of the patients. An ECG is a electrical activity of the heart describes the cardiac cycle. ECG machine using for the ECG waveform measurements required high accuracy and regular calibration by using an ECG simulator before using this machine [6] . An ECG waveform collects from sample people, saved in memory, called the normal ECG as shown in Table 1 . [7] [8] Table 1 shows the example of the data of the normal ECG waveform which is shown in Fig.1 . Fig.1 shows the normal ECG waveform of the cardiac cycle which was simulated from the normal ECG data in Table 1 . It can be seen that the normal ECG waveform consists of a P wave, a QRS complex and a T wave (U wave doesn't consider since it has lower amplitude and is hidden by T wave). In a normal healthy heart, the representative of the periods in the cardiac cycle. Furthermore, this paper has proposed the development of mathematical models for generating the ECG simulation. The mathematical modeling is described in the next section.
III. MATHEMATICAL MODELS

A. Bernstein Polynomials Model
The Bernstein polynomials of degree th n are defined by
The Bernstein polynomials arise in approximation theory when we desire to find a uniform approximation by polynomials to continuous functions over a closed interval. This is given by [9] [10]
where (b) n=100. It can be concluded that the both waveforms is similar. Therefore, using the Bernstein polynomials model at degree th n requires an extremely high order which makes the difficult form, the more complicated design, and higher costs.
B. Bézier-Bernstein Model
There is the way to formulate Bézier curves mathematically that is the Bernstein polynomials, called the Bézier-Bernstein curves. The Bernstein polynomials form of Bézier curves is given by [11] 
for the vertical axis. The position of the whole points determines the P wave, the QRS complex and T wave are shown in Fig. 4 . . It is seen that the ECG simulation is close to the normal ECG waveform. However, using the Bézier-Bernstein model have to exclusively determine the optimum value and the number of control points. The large number of control points becomes a problem of the Bézier-Bernstein model because it will affect the complexity of implementation.
C. Ration Bézier-Bernstein Polynomials Model
In order to effectively design a mathematical model and reduce the computational complexity of the control points, by using another method, the Rational Bézier-Bernstein curve are proposed. There are several advantages. For example, it can represent a wide range of curves and surfaces. Moreover, it has capable of representing the various forms such as circles, ellipses, parabolas and hyperbolas. The Rational Bézier- ) where i w are the weights corresponding to the control points
From Eq. (12) The first step, we determine the control points the same as the previous section. There are five control points for each of the curve; the P wave, the QRS complex and the T wave. In the second step, let us assume the value of the weights. Given the weights are . It indicates that the ECG simulation is similar to the normal ECG waveform. Furthermore, the Rational Bézier-Bernstein model is quite simple form and easy to make the circuit or easy to implement the ECG waveform.
IV. RESULTS AND DISCUSSION
This paper presents the mathematical models for the ECG waveform by using the Bernstein polynomials model, the Bézier-Bernstein model and the Rational Bézier-Bernstein model. As the simulation results, the proposed mathematical models can simulate the ECG waveform that is similarly the normal ECG waveform. This section discussed the simulation results of all three models. The first model which is the Bernstein polynomials can simulate the ECG waveform perfectly. Nevertheless, the degree of th n or order must be selected more than 200. From Fig. 3 , the ECG simulation waveform with 1000 = n is very perfectly but it has extremely order and difficult form. These disadvantages affect to make a circuit more complicated and higher cost in the implementation of the ECG waveform. The second model which is the Bézier-Bernstein curves can reduce order remaining until 50. This model must determine the appropriated control points in both the horizontal axis and vertical axis. There are fifty-one control points for each of the curves; P wave, QRS complex and T wave. If the order is less than 50, then the ECG simulation is not same as the normal ECG waveform such as order 5 (shown in Fig. 5) . From Fig. 6 , the ECG simulation waveform with 50 = n and the normal ECG waveform is similar. Thus, the percentage decrease order from 100% ( 200 = n ) in the Bernstein polynomials model to 25% in the Bézier-Bernstein curves model. Moreover, it has still higher order, so the Rational Bézier-Bernstein model is proposed. The last model is the Rational Bézier-Bernstein curves which are lower order than other models. This model has an additional step which is the determination of the weights corresponding to the control points. For the simulation ECG waveform, the five weights corresponding to the five control points are determined for each of the curves; P wave, QRS complex and T wave. From Fig. 7 , the ECG simulation waveform with 4 = n just like the normal ECG waveform. Therefore, the percentage decrease order from 25% in the Bézier-Bernstein curves model to 2.5% in the Rational Bézier-Bernstein model. It can be seen that it is a simple form, easy to make a circuit and lower cost in the implementation of the ECG waveform. From Fig. 8 , it demonstrates that the whole ECG simulation waveform is the same as the normal ECG waveform; however, the degree of th n is extremely different order. To sum up, the Rational Bézier-Bernstein curve is the best mathematical modeling.
V. CONCLUSION
The mathematical models have been presented in order to generate the ECG simulation waveform. There are three mathematical models; the Bernstein polynomials model, the Bézier-Bernstein model and the Rational Bézier-Bernstein model. From the simulation results, all three models can generate the ECG simulation waveform similar to the normal ECG waveform. In spite of the complication of mathematical models became an important problem. The Bernstein polynomials model used the extreme highest order which is to exceed 200. Next, the Bézier-Bernstein model used to be exceed 50. Then, the Rational Bézier-Bernstein curve model used lower order than other models. The Rational Bézier-Bernstein model with 4 = n can generate the ECG simulation waveform just like the normal ECG waveform. As the results, the Rational Bézier-Bernstein model is the simplest form to compare the Bernstein polynomials model and the Bézier-Bernstein model. In addition, the simple form is easy to make a circuit and lower cost in the implementation of the ECG waveform.
